The purpose of this work is to construct a class of homogeneous vertex representations for the extended toroidal Lie algebra of type G 2 , which are showed to be completely reducible.
0.2 The paper is organized as follows. In Section 1, we recall some basic data on toroidal Lie algebras ( see, e.g. [B] , [BB] ), and present a specific 2-cocycle defined on the root lattice of type G 2 that is decisive for locating a system of the structure constants with respect to a Chevalley basis of G 2 in order to work out its vertex operators in the sequel. Section 2 affords the homogeneous construction of vertex representation for the extended toroidal Lie algebra of type G 2 ( see Theorem 2.1). The proof of Theorem 2.1 occupies Section 3. In the final Section 4, we show its completely reducibility of the module constructed in Section 2.
0.3 Throughout the paper, denoted by Z the ring of integers, Z + the set of non-negative integers, Z − the set of negative integers, respectively. 1 , · · · , t ν . For n = (n 1 , · · · , n ν ) ∈ Z ν , n = (n 0 , n 1 , · · · , n ν ) ∈ Z ν+1 , we denote t
ν by t n , t n respectively. Let Ω A and dA denote the set of Kähler differentials and the set of exact forms of A respectively. Then the toroidal Lie algebra of type X l ( see [RM] , or [Kas] ) is the vector space
with Lie bracket: 1) [ Ω A /dA, G ] = 0, (1.2) and ν i=0 n i t n (t
−1
i dt i ) = 0, (1.3) where x, y ∈Ġ, f 1 , f 2 ∈ A, Ω A /dA = Span{ t n (t
is a nondegenerate invariant normalized symmetric bilinear form onĠ.
Let D be the Lie algebra of derivations on A:
For any D ∈ D, D can be naturally extended to a derivation on the tensor productĠ A by
and D has a unique extension to the universal covering algebra G ofĠ A. The space B = D ⊕ Ω A /dA can be made into a Lie algebra in several ways and for each of these Lie algebras B we get an associated Lie algebra G ⊕ D ( see [BB] ). Denote t
It is known that this Lie subalgebra of D arose naturally in the study of toroidal Lie algebras and their vertex representations ( see [B] , [BB] , [RM] , [YJ] ).
1.3
We will concern with the extended toroidal Lie algebra:
( see [BB] and [YJ] ) with Lie bracket (1.1), (1.2) and 
the long root systeṁ
and the short root systeṁ
Suppose that {e
} is the dual basis of {e 1 , e 2 } inḢ, then the simple root system of G * 2
Usually, we use an identificationḢ withḢ
In fact, we may define such a mapping p as follows
One can easily check that it satisfies the above conditions. Extend (, ) to the Z-valued symmetric bilinear form on P by
Let
, which is called a null root, where n = (n 1 , · · · , n ν ).
Define
Then we have
1.9 From [MRY] and [BB] , we see that Theorem 1.1. The extended toroidal Lie algebra G of type G 2 has a system of generators {α
with (1.1)-(1.6) and the following relations
and
where γ is the canonical linear space isomorphism fromḢ toḢ * as before and
with Lie bracket
Consider a Heisenberg subalgebra of H:
and let S( H − ) be the symmetric algebra generated by
2.3 As usual, we form a group algebra C[P ] with base elements of the form e r (r ∈ P ), and the product e r 1 e r 2 = e r 1 +r 2 , r 1 , r 2 ∈ P.
Set
and make it into an H-module via extending the action of H − to the space V (P ) and adding the action of a(0) for any a ∈ H as follows
(2.5)
2.5 Furthermore, we introduce a degree operator d 0 on V (P ) as follows
, and
and H being Z 3 -graded. 2.6 Now let z be a complex variable. For a ∈ Q, b ∈ P , we introduce the following C-linear
9)
. We give some vertex operators on V (P ):
2.7.1 For convenience, we adopt the notation of normal ordering rules ( see [FLM] ):
where α, β ∈Q, δ m and δ n are null roots, and i, j ∈ 1 3 Z. We then have
where
The Laurent series of the operators X (α + δ n ) and T b (α + δ n , z) are denoted by
3 Z) are operators on V (P ). 2.7.3 For α, β ∈∆ ∪ { 0 } and two complex variables z, w, we denote
2.8 Now we state our main Theorem.
Theorem 2.1. The extended toroidal Lie algebra G of type G 2 is homomorphic to the Lie algebra generated by operators
where n = (n 0 , n) ∈ Z ν+1 , e α (α ∈∆) and γ are the same as in Theorem 1.1.
3. PROOF OF THEOREM 2.1.
3.1 By analogy of the argument in Section 3.4 of [FLM] , we easily obtain by direct calculation Lemma 3.1. Suppose that z and w are two complex variables. Then
for |z| > |w| and α, β ∈∆ ∪ { 0 }, m, n ∈ Z ν .
Let
. Based on Lemma 3.1, the following formula is convenient for the later use.
So by direct calculation we have 
Set C 1 : |z| > |w| and C 2 : |z| < |w|. By (α, −α) = (−α, α) we have
In the three additive terms, the first is
where we use some identities:
Similarly, we may calculate the second and third terms and obtain
By the above, we see that the coefficient of α 2 in 2α + β ( = pα 1 + qα 2 ) is divided by 3, so ϑ 2α+β ≡ id ≡ ϑ 4α+2β since (2α + β, r) ∈ Z, for any r ∈ P . Hence,
So we have
for any α, β, α + β ∈∆.
where α, β ∈∆ and α + β ∈∆ ∪ { 0} .
Proof. If α, β ∈∆ ∪ { 0} and α + β ∈∆ ∪ { 0}, then (α, β) = 1 or 0, and p(α)p(β) = 0, then
has no singularity in D := {z | 0 < r 0 < |z| < r 1 } such that r 0 < |w| < r 1 . So
Lemma 3.5.
Proof.
Set C 1 : |z| > |w| and C 2 : |z| < |w|. We have α) . It follows the result.
Lemma 3.8.
Proof. By direct calculation.
With these Lemmas, we can easily obtain Theorem 2.1.
Then Theorem 2.1 shows that V P (µ) is a G-module, and V (P ) = µ∈Γ V P (µ).
We will prove that V P (µ) is completely reducible.
At first, we note that G is Z-graded in the fashion 
2 =Ġ ⊗ C[t 0 , t 
(2) The map ϕ is an module isomorphism from V (Q) C V T (µ) to V P (µ).
4.7
Similar to the case of type F 4 (see [YJ] ), we have the following Theorem 4.2. V P (µ) is a completely reducible G-module.
Proof. It follows from Theorem 4.2 and Theorem 4.9 in [BB] that if W is an irreducible G 
